Amplitude control of quantum interference 
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Usually, the oscillations of interference effects are controlled by relative phases. We show that 
varying the amplitudes of quantum waves, for instance by changing the reflectivity of beam splitters, 
can also lead to quantum oscillations and even to Bell violations of local realism. We first study 
theoretically a generalization of the Hong-Ou-Mandel experiment to arbitrary source numbers and 
beam splitter transmittivity. We then consider a Bell type experiment with two independent sources, 
and find strong violations of local realism for arbitrarily large source number A^; for small A'', one 
operator measures essentially the relative phase of the sources and the other their intensities. Since, 
experimentally, one can measure the parity of the number of atoms in an optical lattice more easily 
than the number itself, we assume that the detectors measure parity. 



/. Introduction. In classical and quantum physics, the 
usual control parameter of interference phenomena is the 
phase. For instance, the interference pattern observed 
on a screen occurs because, at the various points of the 
screen, the fields radiated from two coherent sources have 
variable phase differences. In classical physics, this is ex- 
plained by the usual Fresnel construction in the complex 
plane, where the phase difference controls the angle be- 
tween two vectors, leading to oscillations as a function of 
this phase [ij; by contrast, no oscillation is expected when 
the amplitude of the vectors is changed at constant phase. 
In quantum physics, the phase also often plays the role 
of a parameter controlling oscillations, e.g., at the output 
of a Mach-Zhender interferometer [2| crossed by a series 
of single particles. Another example is the oscillations of 
correlation functions leading to the observation of viola- 
tions of Bell inequalities, where the control parameters 
are the rotation of linear analyzers defining the relative 
phase of two circular polarizations [3|. The purpose of 
this article is to show that, in quantum physics, chang- 
ing the amplitudes can also lead to strong oscillations 
and quantum interference effects. These oscillations oc- 
cur with bosonic systems, which can be described either 
as fields or systems of particles. Curiously, they are due to 
the particle character of the quantum system, and disap- 
pear when the granularity of the field vanishes and when 
detectors measure continuous intensity variables [J|. 

A motivation for this study is given by recent experi- 
ments made with Bose-Einstein condensates and atomic 
interferometers with ultracold gases [5| . Atom beam split- 
ters [5| may either involve Bragg scattering [6|, |7| or be 
formed by the use of radio-frequency-induced adiabatic 
double- well potentials [8]. In the latter case, the splitting 
of one condensate into two parts can easily be adjusted 
to provide various given ratios between their populations, 
corresponding naturally to beam splitters with variable 
transmission and reflection coefficients. Moroever, recent 
experiments using optical lattices have shown that, while 
counting individual particles may be difficult, one can 
much more easily measure the parity of the number of 
particles trapped in a potential well [9|, llOJ . The reason 



is that, on each lattice site, atoms recombine by pairs 
and form molecules escaping the trap. This is why we 
study the effect of beam splitters with variable transmit- 
tivity on the parity of the number of particles in each 
output beam. While we emphasize the use of ultracold 
gases in the experiments we propose, it may be possible 
to produce the necessary Fock states by photonic meth- 
ods [IiHil. 



In this paper we discuss two possible experiments: one 
with two sources and one beam splitter and two detec- 
tors, the other with more beam splitters and detectors 
and illustrating quantum non-locality. The first is a sim- 
ple generalization of the Hong-Ou-Mandel (HOM) |l5| 
experiment in which two bosons (photons or atoms) in- 
terfere at a beam splitter, resulting in the absence of any 
possible coincidence counts in the two detectors. Here 
we consider arbitrary source populations and the effect of 
changing the refiectivity of the beam splitter. In the sec- 
ond, we extend violations of the Bell inequalities, found 
previously [16|, ll7| with Fock-state condensates, to cases 
where the reflectivities are used as control parameters; 
indeed we find that the violations actually exceed those 
obtained by controlling phase shifts. 
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FIG. 1: Na,Nj3 bosons proceed from the sources to a beam 
splitter, followed by two detectors 1 and 2, where mi and m2 
particles are detected. The beam splitter has an adjustable 
transmission coefficient, T, not necessarily set to 1/2. 



II. Generalized HOM Effect and Parity. We generalize 
the HOM effect to an arbitrary number of photons and to 
arbitrary T and i? = 1 ^ T, using the same formalism as 
in [18] (where R and T were each taken equal to 1/2). We 
also study whether such a generalized HOM experiment 
(GHOM) can be performed if only the measurement of 
the parity of the numbers of the particles at the detectors 
is available. The device is shown in Fig. [TJ 

Before the beams of bosons cross the beam splitter, 
they are described by the quantum state 
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The destruction operators associated with the two output 
beams (and detectors) are 
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The amplitude for finding mi,m2 particles in the detec- 
tors given sources with Na , Na particles is 
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where we have replaced the first J-function of the second line in Eq. ([3]) by / .^e^<P(p+i-^a) ^ and have redone the 
sum. The square of the modulus of this expression contains an integral over two variables </> and (f)'; if we make the 
changes of variables X — {(p + <f>' + tt)/2 ; A — {(p — <j>')/2, we find for the probability the expression: 
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That this probability shows interference effects is seen in Fig. [21(a) for the case of T = R = 1/2 and Na — Np. 
Only pairs of particles reach either detector. If we define the parity as {pmi) = Tlim (— 1)™^-P(wi,-^ — mi) we find 
unity for the case shown in Fig. HJa), a first indication that parity is a useful indicator of interference effects. For 
general values of T and i? = 1 — T we find 
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where y{x) — ^(1 + (—1)^). The second line of ^ comes 
from expanding the integrand in Eq. ^ and integrating 
term by term. For the case T = R = 1/2 this reduces 
to {Pmi)N^^pf^ = SN^,Nf,- (While the plots of P{mi,m2) 
for Na 7^ Ni3 continue to show interference effects, the 
probability for finding even values of mi is the same as 
that for finding odd values, so that parity does not show 
the interference in that case.) 

In Fig. [DJb) we show (pmi) versus T for equal and 



unequal Na and A^^g. Note the values are much the same 
except near T = 0.5. To get an understanding of the 
oscillations of the parity with T and how they reveal the 
interference effects, consider the simpler situations where 
Na and Njs are small. For Na — 2, Njj = 1 we have 
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FIG. 2: (a) The probability of Eq. © vs. mi for Na = 
4, Np = A and T = R = 1/2 illustrating the rule that, if an 
even number of particles enters each side of the beam splitter, 
an even number must emerge from each side, (b) Parity aver- 
age versus T for iVc = iV/3 = 10 (soUd) and N^ = 12, Np = 8 
(dashed). 



From this we see that negative parity is favored when 
T = 2i? , (T = 0.66) and positive for R = 2T, [T = 0.33) 
and this is very close to what we find by explicit calcu- 
lation. Again we have cancellation for the various pos- 
sible ways two particles can get to detector 1 and one 
to detector 2 and vice versa. These maxima and min- 
ima estimates are not exact since the parity depends 
on all processes, not just a subset. Sanaka et al [19] 
have considered the special case where Na = n and 
Nj3 — 1 and shown that P(l, n) of Eq. (4) vanishes when 
R — n/{n + 1) allowing filtering of n-particle states out 
of an input beam. If parity is more easily measured than 
actual detector counts, one could argue that the same is 
true of source numbers. For the case T = 1/2 a ran- 
dom distribution of source numbers Na , Np will favor 
even parity because of the occasional occurrence of terms 
where Na = Np. With a binomial source distribution, 
where the total number of particles is known to be N, 
we have a source-averaged parity of 
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where the top line holds for N even and the bottom for 
N odd. (The latter result holds because we cannot have 
A''q, — Np with odd total N). An analogous result will 
hold for any source distribution. If we can count the par- 
ity of the total source distribution, we can always guar- 
antee to see the interference result. As N increases the 



average parity decreases, but the method works well for 
small N. Analogous arguments can be made for T 7^ 1/2. 
Parity oscillations, as a function of T, therefore provide 
a useful signature of the GHOM quantum effect. We now 
show that the same ideas can lead to strong violations of 
the Bell-Clauser-Horne-Shimony-Holt (BCHSH) inequal- 
ities (13, [m. 

III. Violating BCHSH inequalities by varying trans- 
mission coefficients. The interferometer we analyze is 
shown in Fig . [S] We have analyzed this device previ- 
ously |16l . Il71 | with variations of the phase shifters and 
have seen that the Bell inequalities may be violated for 
arbitrarially large N . In the present analysis we want 
to allow the experimenters, Alice and Bob, to vary the 
transmission coefficients Ti and T2 at their detectors. 




FIG. 3: Two Fock states, with populations A'^^ and A^^, divide 
at beam splitters, and are made to interfere in two regions Da 
and Db, with counting in detectors 1 and 2 in the former, 3 
and 4 in the latter. The phase shifts, C, and 6, are zero in this 
analysis. The transmission coefficients at Da and Db, Ti and 
T2, respectively, are varied. The transmission coefficients at 
the sources remain set at 1/2. 

The corresponding operators are 
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(9) 

or generally Oi — UiUa+Viap. We consider the case where 
the sources are equal: Na = Njs = N/2. By proceed- 
ing as we did above we find the probability for finding 
{TOi,TO2,TO3,m} is 
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where 
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For the parity correlation we want the average of AB 
where A = (-1)™= and B = (-1)"*. After a straightfor- 
ward calculation we find 
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If we plot (.4S) as a function of T\ and r2 (Fig. 2]) we 
find oscillations analogous to to those in Fig. [21 




FIG. 4: (Color online) Oscillations in {AB) as a function of 
Ti and r2. Na= N^^ 10. 



The BCHSH inequality f2ll| is 

Q = (yt6) + {AB') + (yt'S) - {A!B') < 2 



(15) 



where the primes refer to using the four pairs of variables 
Ti, T2, Tl, and T2. For N = 2 we find a maximum of 
Q = 2.31 for the set of T values {0.57, 0.43, 0.06, 0.94}. 
As N increases the optimal Q increases and T values 
move close to 1/2. A plot is shown in Fig. [5] The Q 
value found at TV = 100 is 2.54 with the T set of {0.486, 
0.504, 0.514, 0.486}. The maximum possible value ex- 
trapolates to ~ 2.56 at large N. The T values range 
around 0.5 in terms of just two variables Ci and C2, as fol- 
lows {Tl, T2, Ti,T^} = {0.5-ci, 0.5+ci, 0.5-hC2, O.5-C2}. 
(See Fig. [6l) For very small N we have T{, and Tj near 
and 1, respectively. The four detectors register mi • • • 7714 
from which, in a second step, one calculates two parities. 
If Tl and T2 are 1/2, no detector can distinguish the 
source from which the particles originate; the ratios be- 
tween the rrii provide, classically, the relative phase of 
the sources. If the T values are or 1, the source popu- 
lations are directly measured. Thus for very small N our 
scheme involves a combination of experiments where Al- 
ice and Bob essentially measure, either the relative phase 
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FIG. 5: BCHSH Quantity Q vs. N. The solid line is the 
result of varying the transmission coefficients. The dashed 
line compares the resuts from Refs. [la . Il7| in which the 
phase shifts were varied. 




FIG. 6: The maximization parameters ci (in black) and C2 
(in gray) giving the differences of the transmission coefficients 
from 0.5 at maximum. 



(with Tl and T2 near 1/2), or the source numbers (with 
Tl and T2 near or 1). The conjugate variables here 
are numbers and phase, instead of the usual quadrature 
operators in Bell violations. 

It is interesting to compare (see Fig. [5]) our results to 
the case in Refs. |l6l.ll7| where we varied the phase shifts 
(C and 9 in Fig. ^. There we had Q = 2.41 at iV = 2 
with Q then decreasing until it reached a limit of 2.32 
at large N. With phase-angle variation, Q decreases with 
iV, but with T variation it increases with N and becomes 
much larger than occurred with the angle variation. 

We tried varying both angles and transmission coeffi- 
cients simultaneously using four pairs of variables {Ti, C}, 
{T2, e}, {T{, C'}, and {T^, 0'}. We never succeeded in im- 
proving the results. 

Parity, which is a possible measurable variable in ultra- 
cold gases, provides a useful signature of quantum inter- 
ference and non-local effects. The more surprising result 
of our analysis is that, even for systems with a large num- 
ber of particles, the probability of particle transnfission 



provides a powerful way of observing these phenomena. 
In studying the GHOM effect we find curious oscillations 
of the parity as T is varied. In Bell violations the wave 
amplitude variation actually achieves greater violations 
than by changes in phase. 
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